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We c o n s i d e r  a n u m e r i c a l  m o d e l  of the  i n s t a b i l i t y  of an ion b e a m .  The  e n e r g y  of the  o s c i l l a -  
t i ons  is  c o n c e n t r a t e d  m a i n l y  in s e v e r a l  n e i g h b o r i n g  m o d e s  tha t  have  a m a x i m u m  i n c r e m e n t  
in the  l i n e a r  t h e o r y .  The i n s t a b i l i t y  has  been  t r a c e d  up to the c o m p l e t e  van i sh ing  of the  b e a m .  

We s tudy  in the  p r e s e n t  p a p e r ,  u s i n g  the  m e t h o d  of p a r t i c l e s  in c e l l s ,  the  i n s t a b i l i t y  of an ion b e a m  in 
a n o n - i s o t h e r m a l  p l a s m a  T e >> T i .  I t  i s  known [1-3] tha t  in th i s  c a s e  i o n - a c o u s t i c  o s c i l l a t i o n s  a r e  e x c i t e d .  
The  n o n l i n e a r  s t a g e  of d e v e l o p m e n t  of the  i n s t a b i l i t y  c a l l s  fo r  a k ine t i c  a n a l y s i s ,  and th i s  indeed  is  the  
r e a s o n  f o r  u s i n g  the  m e t h o d  of p a r t i c l e s  in c e l l s  (see a l s o  [4,5]). A s i m i l a r  me thod  was  u s e d  in [4] to i n -  
v e s t i g a t e  the  i n s t a b i l i t y  of an e l e c t r o n  b e a m  a g a i n s t  a b a c k g r o u n d  of i m m o b i l e  co ld  ions ,  and in [6] to s tudy  
the  e n t r y  of b e a m  into a p l a s m a ;  the  i n s t a b i l i t y  of two i d e n t i c a l  m u t u a l l y  i n t e r p e n e t r a t i n g  ion b e a m s  was  
c o n s i d e r e d  in [7] a t  M = 2 a n d M  = 8, when t h e r e  is  no o n e - d i m e n s i o n a l  i n s t a b i l i t y .  

Conf in ing  o u r s e l v e s  to p a r t i c l e  (ion) v e l o c i t i e s  much  l o w e r  than the  t h e r m a l  e l e c t r o n  v e l o c i t y ,  we a s -  
s u m e  tha t  t he  e l e c t r o n s  have  a B o l t z m a n n  d i s t r i b u t i o n  

n e = n o exp (eq~/Te) 
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It  is  then n e c e s s a r y  to t r a c e  only the  mot ion  of the  i o n s .  In the  o n e -  
d i m e n s i o n a l  c a s e  the  p r o b l e m  r e d u c e s  to  a so lu t ion"of  the  fo l lowing e q u a -  
t i o n s :  

02r 
~-4~e[noexp(evp/Te)--ni], nt ~ l / i (x,  v, t)dv (1) 0 X  2 �9 

dvj e 
dt -- lifi ~ E (x) pj (x) dx, E -~- -- __Or 

pj (~) = p0 oxp { -  C V - ~ J  J (2) 

w h e r e  q i s  the  po t e n t i a l ,  f i  (x, v, t) is  the  ion  d i s t r i b u t i o n  funct ion ,  and 
Pi(X) is  the  d e n s i t y  of the  j - t h  p a r t i c l e  wi th  ha l fwid th  a in x s p a c e ,  in 
Eq .  (2), the f o r c e  ac t i ng  on the  j - t h  p a r t i c l e  and i t s  v e l o c i t y  a r e  r e f e r r e d  
to  the  c e n t e r  of the  p a r t i c l e .  

When so lv ing  the b o u n d a r y - v a l u e  p r o b l e m  for  the  equat ion  

�9 0 2 r  
(9) = ~ -~ 4~e [n! - no exp (eq~ / ]f~r~e)] ~--- 0 

the  l a t t e r  was  r e p l a c e d  by  the  equa t ion  (cf. [5]) 

atl , ocp 
'F(q~)---- 0~ 0-T- 

the  so lu t i on  of wh ich  a t  t --- ~ i s  the  so lu t ion  of Eq.  (1). P e r i o d i c  b o u n -  
d a r y  cond i t i ons  w e r e  i m p o s e d  at  the  b o u n d a r i e s  of the  c a l c u l a t i o n  i n t e r v a l .  

N o v o s i b i r s k .  T r a n s l a t e d  f r o m  Z h u r n a l  P r i k l a d n o i  M e k h a n i k i  i T e k h n i c h e s k o i  F i z i k i ,  No. 5, pp.  165-  
168, S e p t e m b e r - O c t o b e r ,  1971. O r i g i n a l  a r t i c l e  s u b m i t t e d  M a r c h  23, 1971. 
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The  f i t t ing  m e t h o d  p r o p o s e d  in [5] was  m o d i f i e d  fo r  the b o u n d a r y  

cond i t i ons  

(~ (0) = op (L), T' (0) = 9' (L) (3) 

We p r e s e n t  be low the  r e s u l t s  for  the  p a r a m e t e r s :  

n b i T e 
np = t2 ' -~i" = lO ~, u=0.5c.,  n p D = 6 0  

H e r e  u i s  the  b e a m  v e l o c i t y ,  n b and np  a r e  the  d e n s i t y  of the 
b e a m  and the  p l a s m a ,  r e s p e c t i v e l y ,  and  

The  n u m b e r  of p a r t i c l e s  i s  2000, the  l eng th  of the  c a l c u l a t i o n  
i n t e r v a l  i s  20 Debye  l eng ths �9  

F i g u r e  1 shows  the t e m p o r a l  evo lu t ion  of the  s q u a r e  of the  
a m p l i t u d e  of the  F o u r i e r  h a r m o n i c  of the  e l e c t r o s t a t i c  po t en t i a l  
c o r r e s p o n d i n g  to the  m a x i m u m  i n c r e m e n t  (the t i m e  i s  m e a s u r e d  in 
un i t s  of c00-~). At  f i r s t  we have  r e l a x a t i o n  of the  i n i t i a l  cond i t i ons  
~0 (x) - 0 to e q u i l i b r i u m  t h e r m a l  n o i s e  (e~ ~ 5 " 10-3Ti) - s t a n d i n g  
w a v e s  tha t  a r e  m u l t i p l e s  of the  c a l c u l a t i o n  l eng th .  The  b e a m  is  
t u r n e d  on a t  the  i n s t a n t  t = 6 and t w o - s t r e a m  i n s t a b i l i t y  deve lops  
a f t e r  a c e r t a i n  r e s i d u a l  r e l a x a t i o n .  As  s een  f r o m  F i g .  1, the  i n s t a -  
b i l i t y  d e v e l o p m e n t  can  be s u b d i v i d e d  into t h r e e  s t a g e s .  

The  f i r s t  s t a g e  i s  an e x p o n e n t i a l  g r o w t h  of the  o s c i l l a t i o n  
e n e r g y .  F i g u r e  2 shows  the  va lue s  of the  i n c r e m e n t  Y (k) c a l c u l a t e d  
in a c c o r d a n c e  wi th  the  h y d r o d y n a m i c  m o d e l  in the  l i n e a r  a p p r o x i m a -  
t ion [1] ( so l id  c u r v e )  and  the  v a l u e s  o b t a i n e d  f r o m  the  n u m e r i c a l  e x -  
p e r i m e n t  ( c i r c l e s ) � 9  The  thin v e r t i c a l  l i ne s  c o r r e s p o n d  to w a v e -  
l eng th s  tha t  a r e  m u l t i p l e s  of the  c a l c u l a t i o n  l eng th .  As  seen  f r o m  
F i g .  3, wh ich  shows  the p h a s e  p l ane  wx, the  p l a s m a  and the b e a m  
a r e  m o d u l a t e d  at  the  i n s t a n t  t = 14 at  the  w a v e l e n g t h  of the  r e s o n a n t  
h a r m o n i c .  When e g ,  ~" 0.05T e (<P, i s  the  r e s o n a n t  po t en t i a l ) ,  the  
l i n e a r  s t a g e  t e r m i n a t e s ,  and a p p r o x i m a t e l y  20~ of the  b e a m  p a r t i c l e s  
a r e  a c c e l e r a t e d  to  Vmax /U  ~ 1.3, wh i l e  m o s t  of t h e m  (80~c) a r e  
s t r o n g l y  d e c e l e r a t e d  to  V m i n / u  ~ 0.1.  A f t e r  a t i m e  equa l  to s e v e r a l  
t i m e s  w0 -1, s a t u r a t i o n  of the  r e s o n a n t  h a r m o n i c s  s e t s  in and the 
t o t a l  e n e r g y  of the  o s c i l l a t i o n s  i s  

L 

\ - -~ - -P  2' jd~ 
k 0 

w h e r e  V~k is  the  o s c i l l a t o r y  v e l o c i t y  of the p l a s m a  ions ,  and  i s  of 
the  o r d e r  of  the  i n i t i a l  b e a m  e n e r g y ;  the  h a r m o n i c s  wi th  w a v e l e n g t h s  
X ~ 2 X .  ~ ,  i s  the  r e s o n a n t  wave leng th )  con t inue  to  i n c r e a s e .  
T h e r e  i s  no p l a t e a u  on the  d i s t r i b u t i o n  func t ion ,  and c h a r a c t e r i s t i c  
"ho l e s "  a r e  see~ on the  p h a s e  p lane  at  t = 20 (Fig .  4), c o r r e s p o n d i n g  
to c o n c e n t r a t i o n  of the  e n e r g y  in t h r e e  n e i g h b o r i n g  m o d e s  having  a 
m a x i m u m  i n c r e m e n t .  

The  t h i r d  s t a g e  i s  a f a l l - o f f  in the  o s c i l l a t i o n s  and the: o n s e t  
of o s c i l l a t i o n s  wi th  a p e r i o d  

n e a r  a s t a t i o n a r y  l e v e l  h i g h e r  by  m o r e  than one o r d e r  of m a g n i t u d e  
the  l e v e l  on the  i n i t i a l  t h e r m a l  n o i s e .  In th i s  s t a g e  (t = 45), a s  fo l -  

775 



lows f r o m  the phase  p ic ture  (Fig. 5), the r egu la r  p ic ture  vanishes and the par t ic les  become  mixed over  the 
phase  space .  This  al lows us to a s s um e  that the influence of the beam is smal l  a f te r  the resonant  ha rmon ics  
sa tu ra te ,  and the succeeding p roce s s  is the damping of the l a rge -ampl i tude  wave for  the case  of a mono-  
ch romat i c  wave,  a case  cons ide red  in [8]. 

To ve r i fy  the a c c u r a c y  of the calculat ion,  the beam veloci ty was a s sumed  to be 2 c . .  As expected,  no 
ins tabi l i ty  was exci ted .  Var ia t ion of the number  of par t i c les  over  the Debye length and over  the length of 
the calculat ion in terva l  did not cause  not iceable  changes in the r e su l t s .  

In [7], in the case  of a weak interact ion withM -- 8, the energy  of the osci l la t ions begins to osci l la te  
about a s t a t ionary  level  that  exceeds  by one o rde r  of magnitude the t he rma l  noise ,  as in the conditions 
n b / n ~  << 1 under  cons idera t ion .  For  M = 2 (strong interaction) the osci l la t ion energy  drops  a lmos t  to the 
level  of the t h e r m a l  no i se .  The ampli tudes  of the Four i e r  harmonics  a r e  not given in [7], but the f igure 
the re  r evea l s  the exis tence  of per iodic i ty  in phase space .  Obviously,  this is the resu l t  of the concentrat ion 
of the osci l la t ion ene rgy  in s eve ra l  adjacent  modes .  

The authors  thank R.  Z. Sagdeev for  in te res t  in the work and I. K. Konkasbaev for  useful  d i scuss ions .  
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